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Abstract. We establish a lower bound for the number of sign changing solu- 
tions with precisely two nodal domains to the singularly perturbed nonlinear 
elliptic equation — e 2 A g u+u = \u\ p ~ 2 u on an n-dimensional Riemannian man- 
ifold M, p £ (2, 2*), in terms of the cup-length of the configuration space of 
M. We give a precise description of the asymptotic profile of these solutions as 
e — > 0. We also provide new estimates for the cup-length of the configuration 
space of M. 
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1. Introduction 

Let (M, g) be a compact connected Riemannian manifold, without boundary, of 
class C k with k > 1. Let n > 2 be the dimension of M. We consider the following 
problem 



(1.1) 



-e 2 A g u + u = \u\ p ~ 2 u, 
ueHl(M), 



with 2 < p < 2*, where 2* := if n > 2 and 2* = oo if n = 2. The space 
Hg(M) is the completion of C°°(M) with respect to the norm defined by = 

This problem resembles the Neumann problem on a flat domain, which has been 
widely studied in literature, see e.g. [H [HI H21 H31 HH HH [HJ H5J HH1 H7] . 

Existence, multiplicity and shape of positive solutions to (ll.l[) have been inves- 
tigated in several papers. The existence of a mountain pass solution was proved 
by Byeon and Park in 3 , who also showed that this solution has a spike which 
approaches a maximum point of the scalar curvature as e — > 0. Benci, Bonanno and 
Micheletti [2] showed that problem (jl.l|) has at least cat(M) + 1 positive solutions 
if e is small enough, where cat(M) denotes the Lusternik-Schnirelmann category of 
M. A similar result for more general nonlinearities was obtained in |24j . In |15j N. 
Hirano gave a lower bound for the number of positive solutions to (|1.1[) in terms of 
the category of a set determined by the geometry of M. Solutions with one peak 
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which concentrates at a stable critical point of the scalar curvature of M as e — > 
were obtained by Micheletti and Pistoia in [19], and in [6] Dancer, Micheletti and 
Pistoia proved the existence solutions with k peaks which concentrate at an isolated 
minimum of the scalar curvature of M as e — > 0. 

Concerning sign changing solutions only few results are known. When the scalar 
curvature of M is not constant a solution with one positive peak and one negative 
peak, concentrating at a maximum and a minimum of the scalar curvature, was 
obtained by Micheletti and Pistoia in [TH] . Multiplicity of solutions which change 
sign exactly once was established by Ghimenti and Micheletti in [11 for Riemannian 
manifolds M which are invariant with respect to an orthogonal involution. 

Here we provide a lower bound for the number of sign changing solutions with 
precisely two nodal domains, without requiring any symmetry or geometric assump- 
tions on the manifold M, and we give a precise description of the asymptotic profile 
of these solutions as e — s- 0. 

In order to state our main result we introduce some notation. The limiting 
problem to problem (jl.ljl as e —> is 

(1.2) - Au + u=\u\ p - 2 u, ueff^R"). 

It is well known that, up to translations, this problem has a unique positive solution, 
which is spherically symmetric, and is usually denoted by U € H 1 (W n ). 

The exponential map exp : TM — > M, defined on the total space TM of the 
tangent bundle of M, is a C°° map. Since M is compact, there exists R > such 
that exp g : B(0, R) — > B g (q, R) is a diffeomorphism for every q G M. Here T q M is 
identified with W 1 , B(0, R) is the ball of radius R in W 1 centered at 0, and B g (q, R) 
denotes the ball of radius R in M centered at q with respect to the distance induced 
by the Riemannian metric g. 

Let Xr £ C°°(R n ) be a radial cut-off function such that Xr( z ) = 1 if \z\ < R/2, 
X R {z) = if \z\ > R, and |VXrO)| < 2/R and |V 2 x^(^)| < 2/R 2 for all z E K". 
For £ € M and e > we define W e , e £ Hg(M) by 

(1 .3) W.M-l°(=P i )*>{= S P) 

[ otherwise. 

Let F(M) := {(x,y) € M X M : x ± y}. The quotient space C(M) of F(M) 
obtained by identifying (x, y) with (y, x) is called the configuration space of M. 

We write T~L* for singular cohomology with coefficients in Z/2. Recall that the 
cup-length of a topological space X is the smallest integer k > 1 such that the 
cup-product of any k cohomology classes in R.*(X) is zero, where %* is reduced 
cohomology. We denote it by cuplX. 

We are ready to state our main result. 

Theorem 1.1. There exists eo > such that for every e € (0,£o) problem Ijl.ljl 
has at least cupl C(M) pairs of sign changing solutions ±u £ with the following 
properties: 

(a) u e has a unique local maximum point Q e and a unique local minimum point 
q £ on M . 
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(b ) For any fixed T > 0, 



Urn \\u e (exTp Qe (sz)) - U(z)\\e>(B(p,T)) = 0, 
lim \\u £ (exp qE (ez)) + U(z)\\ C 2 {B{0:T)) = 0. 



(c) Moreover, 



sup 



u E (0 < ce 



tlT + o- 1 (e), 



inf 



«e(£) > -ce 



/or some positive constants c, fx and for some functions 0"i,0"2 which go to 
zero as e goes to zero, 
(d) The function $ e given by 



is such that ||3> E || e — > as £ — > 0, wi£/i || • || £ as in (|2.1[) below. 
We shall see that 

cupl C*(M) > n+ 1. 

However, this estimate can be improved in many cases. We prove the following 
result. 

Theorem 1.2. If T-L' l (M) = for all < i < m and if there are k cohomology 
classes Ci> • • • > Cfc G H m (M) whose cup-product is nontrivial, then 



For example, if M is homeomorphic to an n-torus S 1 x • • • x S 1 (with n factors) 
then cupl C(M) = 2n. 

Unlike the case of positive solutions or the symmetric case considered in [TT] 
where one looks for solutions on some Nehari manifold, there is no natural constraint 
for sign changing solutions to problem (11.11) . Our approach is based on some ideas 
introduced in pQ . We exhibit a set Z e of sign changing functions which is positively 
invariant under the negative gradient flow of the energy functional associated to 
problem This set does not have an explicit description, so there is no way 

of defining a map from C(M) into it. However, using Dold's fixed point transfer 
[10) . one can obtain a homomorphism at the cohomological level. A careful study 
of the barycenter map introduced in [2] allows us to establish a lower bound for the 
equivariant Lusternik-Schnirelmann of low energy sublevel sets of Z e and, hence, 
for the number of sign changing solutions. 

In contrast to the Lyapunov-Schmidt reduction method, applied for example in 
[18] . this method does not provide information on the asymptotic profile of the 
solutions obtained, as e — > 0. We carry out a careful analysis in order to show that 
they have the properties described in Theorem ll.il 

Finally we wish to point out that, although configuration spaces have been widely 
studied, not much seems to be known about the multiplicative structure of their 
cohomology. So we believe that Theorem 11.21 has an interest of its own. A similar 
estimate for the cup-length of the configuration space of an open subset of W 1 has 
been given in [1|. 



U e = W e ,Q e - W e ,q e + $ e 



cupl C{M) >k + n. 
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The paper is organized as follows: In section [2] we discuss the variational setting 
for sign changing solutions to problem (jl.lj) . In section [3] we prove the multiplic- 
ity statement in Theorem 11.11 and in section we prove that the solutions have 
properties (a)-(d). Section[5]is devoted to the proof of Theorem II .21 

2. The variational setting 

For e > we take 

(u,v) e : =—[ (e 2 {VgU,V g v) + uv) d[i 
£ Jm 

(2.1) H £ 2 : =1 / (e 2 |V ffU | 2 + M 2 )^ 5 

as the scalar product and the corresponding norm in Hg(M). For any u G L p g (M) 
we put 



ip,e 

and define 



"\,. I M p d» g ) , l«U := ( / \<<U:, 

M J \JM 



S £ := inf { : u G Hg(M), u^o\. 

{ \ U l,e J 

The solutions of (jl.lj) are the critical points of the functional 

Jerfl-^MJ-^R, J B (u) = i||u||»-i|u|* e . 

z p 

Any solution it ^ of (jl.lj) lies on the Nehari manifold 

M e : = {ue Hg(M) \ {0} : J' e (u)u = 0} 

= { U e J ff s 1 (M)x{0}:|| U || 2 = KJ, 

which is a C 2 -manifold diffeomorphic to the unit sphere in Hg(M). Any sign chang- 
ing solution of (jl.ip belongs to the set 

E e := {u G ffg(M) : u+ u _ € A4} C K- 

Here w + := max{u,0} and u~ := min{u,0}. We set 



c £ := inf J e 

a/; 



It is easily checked that 



p-2 
2p 

Analogously, we consider the functional 



gp/(p- 



2) 



Joo : ff^R") -> R, J^u) = ~ / (|Vw| 2 + t; 2 ) das- - f \v\ p dx. 

associated to the limit problem (|1.2j) . Any solution u 7^ to this problem lies on 
the Nehari manifold 

:= {u G ff^R") \ {0} : J^»u - 0} . 

We set 

Coo ■ h?J t/ 30 • 
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It is well known that there exists a unique positive solution U G H 1 (W l ) to the 
limit problem (|1.2[) which is spherically symmetric with respect to the origin, and 
that Joo(U) — Coo. Moreover, 

(2.2) lim U(x) |x|^exp|a;| = b > 0. 

\x\ — >oo 

Setting U e (x) :— U (§) we have that 

-e 2 AU £ + U £ = U p -\ 
We recall the following property of the infima c £ . 
Lemma 2.1. lim £ ^ c e = c oo- 

Proof. See HO. □ 
We consider the negative gradient flow ip e :Q £ — > if*(M) of J £ defined by 

4t<p e (t,u) = -V E J E (<p e (t,u)), 



ip e (0,u) = u. 

Here V e J e is the gradient of J £ with respect to the scalar product (v) e and 
Q £ = {{t,u) :u€ H?j(M), < t < T £ {u)}, where T e (u) G (0, +oo) is the maximal 
existence time for tp £ {t,u). 

A subset V of Hg(M) is called strictly positively invariant for the flow ip e if 
(p e (t,u) G int(2?) for all u G T> and i € (0,T e (u)), where int(2?) denotes the interior 
of T> in Hg(M). If 2? is strictly positive invariant then the set 

A e (V) Hg(M) : ip £ {t,u) G 2? for some f G (0,T e (it))} 

is an open subset of Hg(M). 

Let = {u G Hg(M) : u > 0} be the convex cone of nonnegative functions 
and let 

B(e,±7>) := {« G ffg (M) : dist e (u,±P) < |^/ 2 (f- 2 )| , 

where dist e (u, "P) := min^g-p ||u — v\\ £ , dist e (u,— V) := min,, e _-p ||tt — w|| £ . 

Lemma 2.2. 27ie following statements hold true: 

(a) (B(e,V) U B(e,-P)) n £ £ = 0. /fence, if u G B (e,P) U B (s,-P) is a 
solution of (II. ip £/ien it does noi change sign. 

(b) B (e, ±"P) is strictly positively invariant for the flow tp E . 

Proof. The proof is analogous to that of Proposition 3.1 in [TJ. We sketch it here 
for the reader's convenience. Note first that 

(2.3) lit" I = mink- vL < S £ 1/2 mm\\u- v\\ = S £ 1/2 dist £ (u,T). 

So, if ue^n6(e,?), then 

< S p/(p ~ 2) < \\u-\\ 2 = \u-\ p < S- p/2 disUu,V) p < ^S p/ ( p - 2 '>. 

e — II lie I \p, £ — £ c ^ 1 ' — Op 

which is a contradiction. Hence, £ £ n B (e, V) — 0. Similarly, £ £ n B(e, —V) = 0. 
This proves (a). 

Next, we prove assertion (b) for B(e,T > ). A similar argument goes through for 
B{e,-V). 
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The gradient V e J £ with respect to the scalar product (•, -) £ is given by V £ J £ = 
Id-Ke, where K £ e H]{M) is defined by 

(K s (u),v) e = \ [ \ur 2 uvdn g V«eJ7*(M). 

£ JM 

Using (|2.3p we obtain 

dist £ (K e (u),V)\\K e (u)-\\ £ < \\K e (u)-\\ 2 e = {K £ (u),K E {u)-) E = \ f \u\ p - 2 uK £ (u)- d^ 

£ JM 

= \ I ( U+ Y 1 K e{u)~dn g + — I \u~\ p 2 u~K e {u)~dn g 

£ JM £ JM 

^ ^7 / \ U ~\ P 2 u-K e {u)~dn g < \K s (u)~\ \u~f~ 1 



e' 



M 



< S- 1/2 \\K £ (u)-\\ e S- {p - 1)/2 dist £ (u,T) p ~ 1 . 

Therefore, dist £ (K £ (u),T) < S*7 p/2 dist £ (M, V)^ 1 < ^tSp' 2 ^-^ if u e B{e,V). 
Hence K £ (u) € int(i3 (e, V)). The rest of the argument is completely analogous to 
that of Proposition 3.f of [T]. □ 

For e > we set 

V £ :=B(e,V)UB(e,-V)UJ°, 
Z £ := Hg{M) \ A e (T> £ ), 

where J e a := {u e H*(M) : J £ {u) < a} for a e 1. By Lemma El we have that V £ 
is strictly positively invariant for <p £ . By Lemma 12.21 every function in Z £ is sign 
changing and every sign changing solution to problem (jl.ip lies in Z £ . We set 

d^ := inf J £ . 

E c 

The following version of Ekeland's variational principle holds true in this setting. 

Lemma 2.3. Given e > 0, 8 > and u € Z £ such that J £ {u) < d £ + 6, there exists 
v € Z £ such that J £ (v) < J £ (u), \\u — v\\ £ < VS and || V e J e (u)|| E < VS. 

Proof. The proof is completely analogous to that of Lemma 3.2 in [T]. □ 

Proposition 2.4. For every e > there exists v £ € Z £ such that J £ {v £ ) = d £ and 
v £ is a sign changing solution of . Moreover d £ > 2c £ . 

Proof. If (uk) is a minimizing sequence for J £ in Z £ then, by Lemma |2.2| we may 
assume that ||V e J e (ufe)|| e — > as k — > oo. Since M is compact, the embedding 
Hl(M) <-+ L p g (M) is compact, cf. [HJ. Therefore, J £ : fl^(M) -> K satisfies 
the Palais-Smale condition. So, passing to a subsequence, we have that Uk — > v £ 
strongly in H g (M) and J £ (v £ ) = d £ . Since Z £ is closed in H g (M), v £ G Z £ and, 
since 2 e is invariant under the negative gradient flow, v £ is a stationary point for 
the flow, i.e. a solution of (jl.lj) . Finally, note that every sign changing solution 
v of p.l[) satisfies that w ± £ JV £ . So, by Lemma [2~T1 J e (w) > 2c £ . In particular, 
Je(v £ ) — d £ > 2c £ , as claimed. □ 

For each u £ H g (M) \ {0} there exists a unique positive number t £ (u) such that 
t £ (u)u G M £ . This number is given by 

(2.4) tr 2 { u ) = Mi. 
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We consider the set 

F e (M) := {(ft, ft) G M x M : dist ff (ft,ft) > 2eR} , 
where dist 3 is the distance in M, and define i £ : F £ (M) — > if* (M) by 

(2-5) te(ft,ft) =t £ (We, gi )W £>gi -t e (W e , fc )W e>fc , 

where W £ . 9 is the function defined in (|1.3[) . 

Lemma 2.5. For every e > i/ie map t e : F £ (M) — > Hg(M) is continuous. For 
each 5 > i/iere exists £q > swc/i i/iai, if e < Eq then 

L e {qi , ft) G J 2 e c ~ +S n f B /or a» (ft , ft) € (M x M) e . 

Proof. Since W e , gi and W £i(?2 have disjoint supports, i £ (ft,ft) + = t £ (W £ . qi )W £ . qi G 
7V e and t e (ft,ft)~ = -t e (We,q 2 )W e , g2 G M £ . Therefore, i £ (q 1 ,q 2 ) G £ e for every 
(ft, ft) G .Fe(M). Moreover, 

J £ (i e (ft,ft)) = J £ (^(W^JW^) + J £ (i £ (T4^ 2 )^ £ , 92 ) . 

The result now follows from Proposition 4.2 in [2]. □ 

Proposition 2.6. lim^o^e = 2Coo. 

Proof. Let (5 > 0. Arguing as in [3] we have that inff e J e is attained and any 
minimizer of J £ on £ £ is a sign changing solution of (|l.ip . Since every sign changing 
solution lies in Z £ , from Proposition 12.41 and Lemma 1 2. 5 1 we conclude that 

(2.6) 2c £ <d £ < inf J £ < 2c x + S 

for e small enough. Passing to the limit as e — > oo and using Lcmma [2.1l wc conclude 
that lim £ _j.o^e — 2coo, as claimed. □ 

In the following sections we shall use the following result proved by Weth in [28] . 

Theorem 2.7. There exists kq G (0, c<x>) such that Joo(m) > 2coo + kq for every 
sign changing solution u of the limit problem p. 21) . 



3. Multiplicity of solutions 

The goal of this section is to prove the first assertion of Theorem 11.11 More 
precisely, we prove the following result. 

Theorem 3.1. There exists > such that for every s € (0,£o) problem (|1.1[) 
has at least cuplC(Af) pairs of sign changing solutions ±u with J{u) < d £ + kq. 



Here kq is as in Theorem 12. 71 We start with some lemmas. 

3mma 3.2. Let u k G 2 

5 k — > as k — > oo. Then 



Lemma 3.2. Let u k G Z £k n J £k k+Sk where E k ,5 k > are such that Ek — > and 



dist ek (u k ,Af ek ) -t and J £k (uf)^c oc as k oo. 



Proof. By Lemma l2T3l we may assume without loss of generality that || V £fc J £k (u k ) \\ £k 
0. Since 

p — 2 2 1 

h>k\ ek = J £k (u k ) - -J' ek (u k )u k < J £k {u k ) + \\V £k J £k (u k )\\ £k \\u k \\ Ek , 



s 
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we have that ||wfc|| e is uniformly bounded. Hence, 



\ J e h ( U k) u k 



lp,Efc 



Consequently, the number t £k (u k t ) defined by (|2.4[) tends to 1 and, therefore, 



dist £fc (u^,A4J < \\v% -t Ek (u±)u± 



->■ 0. 



This, together with Lemma \2. II and Proposition 12.61 implies that 
2 Coo < lim J Ek (t ek (u+)u+) + lim Je k (tek( u k) u k) 



lim J £k (u+ ) + lim J £k (u k ) = lim J £k (u k ) = 2c 

fc— ^oo fc— >oo k— >oo 



Therefore, J 6k {Uk) c 



□ 



Lemma 3.3. For each rj € (0, 1) there exist So > and eo > such that, for every 
u € Z e n J^ e+<5 wif/i e G (0,£o) arl ^ S G (0,<5 ); we carl find = q^'(u) and 
q( 2 ) = g( 2 ) ( u ) m M such that 



(3.1) 



(3.2) 



1 



B g (qW,eR) 



\u+\Pdn>(l- V y 



2p 



2p 



\u \ p dfi > (i-n)^- Co 

B g (q(V,eR) p -I 



Proof. We prove (|3.1[) . Arguing by contradiction we assume there exist rj g (0, 1) 
Sk,Sk > and Uk € Z €k n Je,! fc + fc such that — > and — > as fc — ► oo and 



(3.3) 



1 



Then, by Lemma 13. 2 
(3.4) lim 



B g (q,e k R) V- 1 



±11?, = Urn \ut\l 



for all q € M. 



2p 



L k We-k 



k lp,e k 



P 



We divide the proof into several steps. 

Step 1. There exist $ > 0, T > 0, fco £ N and, for each k > fco, a point q k <£ M 
such that 

1 



(3.5) 



,+ip 



d/i„ > ■& for all fc > fco- 



fc JB g (q k ,Te k ) 



Proof of Step 1. For each fc large enough we choose a finite partition {Mj : j E Ak} 
of M such that Mj= is closed, M$ n Mj C <9Mf n cWj for any i ^ j, and there 
exist T > 1 and points g^" 6 Mj° satisfying 

B s (<# , e,.) c Mj= c B g (<# , Te fc ) for all j G A fc 

and such that each point iGJlfis contained in at most m balls B g (q*j ,Tek), where 
the number m does not depend on fc. We denote by uj^ ■ the restriction of u k to 
the set M*\ Then 



(3.6) 



E 

3 



< max 

P,Sk 



p-2 

E 



P:£fc 
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We take a smooth cut-off function \k sucn that x fc (t) = 1 if < t < Ek and 
XM = if t> Te k and \ X ' E \ < Then 



UkAx) ■= ui(x) Xk (\x ~ Qj\) e HUM) 



Hence, 



2 

P>Efc 



< \y>kd\p, £k < 4uk,j\ 

,+ l|2 



' tt U k,j\\e h +C\\Uk,j \ Sg (q*,Te k )^M* \\e k 
2 



< c \Ki\\t + c 



i 



It 



fe lB 3 (rf,Te fe )vM! ! II e fc 



and, therefore, 
(3.7) 



<cKII^+c -2+i HKII, 



Combining (I3.6[) and (|3 . 7[) we obtain 



(3.8) 



,+ \p 



< c ll w fe lis* max 



P-2 
P,eic 



which together with (|3.4I) implies that there exist $ > and, for each k large 
enough, a j 6 Aj. such that 



< 



p 

P.Sfc 



1 



-k j Mi 



fe JB g (q<*,Te k ) 



\u + k\ p d^ 



This proves Step 1. 



□ 



Since M is compact, we may assume that the sequence (qk) converges to a point 
q G M. We define w k G if^M") by 



(3.9) 



«>k(z) := x(efeNI) "fc(exp„ (£fez)) 



where % is a smooth cut-off function such that %(i) = 1 for < t < % , x(^) = for 
t > R and |x'(*)l < |- By (J33) the sequence (||ufc|| Efe ) is bounded. Therefore, (wk) 
is bounded in _ff 1 (R") (see Lemma 5.6 in [2]). So, up to a subsequence, Wk — v iu 
weakly in i? 1 (K"), Wk ^ w a.e. in R™ and Wk ^ w strongly in L^ oc (R™). The 
following statement holds true. 

Step 2. to G H 1 (R n ) is a weak solution of the equation —Aw + w = \w 
and w + ^ 0. 



p-2 



Proof of Step 2. Following the argument in the proof of Lemma 5.7 in [5] one shows 
that w; is a weak solution of —Aw + w = \w\ p ~ 2 w. Next we show that w + ^ 0. By 
Step 1 we have that, for k large, 



J k \Lp{B(0,T)) 



1 



£ k JB(0,e k T) 

'I 

~n I 

■-k JB{0,e k T) 



u k( e *p qk (y))\ Pd y 



> ^ [_, _ \ut(exp qk (y))\ p \g qk (y)\ 1/2 dy 



l 

2rf 



k JB g (q k ,e k T) 



\ut{x)\ p dn g > 



i) 
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Here we use the fact that lim/c^+oo \g qk (y)] 1 ^ 2 = Iff^O)! 1 / 2 = 1 because qt — > q and 
\y\ < £kT, hence \g qh {y)\ X ' 2 > \ for k large. Since w k — > w strongly in Lf oc (M. n ), 
passing to the limit we obtain that 

d 

\ W+ \l P (B(0,T)) = JjD^ \ W t \Ip(B(0,T)) ~2 >0 - 

This proves Step 2. □ 



Step 3. Joo(w) = Cqo and w > 0. 

Proof of Step 3. Fix r > 0. Since |g 9fc (£fe2;)| converges to |<7 g (0)| = 1 then, for 
any a G (0,1), one has that \g qk {e k z)\~ x / 2 < (1 — a) -1 for large enough and 
z £ B(0, r). Therefore, for k large enough we have 



\w k (z)\ p dz = / x p (£fez)|M fe (exp gfc (e fe z))| p dz 

i,t) JB(0,t) 

^ (^—)^[ \u k (exp qk (yW\g qk (y)\?dy 

V 1 - «/ e fc iB(0,T £fc ) 

(3-io) < Mx)i^ 3 < 

V 1 - «/ e fc JB g (q k ,Te k ) 1 - a 

Then, by (f3~3]> . we have 



Hence, 



|w(z)| p dz= lim / < ^-2c c 

B(0,r) fe ^ + °° u 's(0,r) P^ 2 



|w(z)| p dz= lim / |w fe (z)| p dz < -^-2c 
m+oo Jb(0,t) P-2 



It follows that Joo(w) = < 2coo. Theorem 12 . 71 implies that to > and 

Joo{w) — Coo- This proves Step 3. □ 



We are now ready to prove Lemma 13.31 

Fix a G (0, 77) . Since w~£ converges to w = w + in Lf oc (R") and Joc(w) = Coo, 
there exists r > such that, for k large enough, 

L_ ' M 2P Coo< / k+(z)| P dZ- 



B(0,t) 



1 - aj p- 2 

On the other hand, arguing as in Step 3 and using (I3.3[) we have that, for fc large 
enough, 

i«V '•-):"</•- [j^Mf \u+(e X p qk (yW\g qk (y)\idy 



b(o,t) \1 - a / £ fc JB(a,TE k ) 



K{x)\Vdn < ( LJA 



This is a contradiction. 

The proof of (|3.2p is similar. This concludes the proof of Lemma [3~3l □ 

By Nash's embedding theorem |20j we may assume that M is isometrically em- 
bedded in some euclidean space lSt N . We fix r > such that V r := {x £ R w : 
dist(x, M) < r} is a tubular neighborhood of M. For x G V r let 7r(x) € M be the 
unique point in M such that |x — 7r(x)| = dist(x, M) < r. The map 7r : V r — > M is 
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smooth and it is the normal disk bundle of the embedding M <—> Mr. We consider 
the map /3 : J\f £ — > M given by 

PW - f M \u(x)fd» g • 

If (3{u) £ V r we set 

P M (u) :=7rG8(u)). 
The following statement holds true. 

Proposition 3.4. There exist So > andeo > such that, for every u € Z e r\J^ e+s 
with e € (0, £o) and S € (0, 5q], 

(3.11) ^ + )€V n / 8(u-)eK and p M {u+) j= p M (u~). 

Proof. Arguing by contradiction, let £k,$k > and 6 Z £fc n Je k k+Sk be such 
that £fe — > 0, (5^ — > and, for each k, one of the three statements in (|3.11[) is not 
true. 

By Lemma [2~3l there exist Vk € Z Ek n J efc et: fc such that ||ufe — Vk\\ ek < v^fc and 



V £fe J £fc (w)|| £fc < v?fe- Then, an easy estimate shows that 



|/3(u±)-/3(«±)| ^0. 
By Lemma l3~3l after passing to a subsequence, there exist q\, q\ € M such that 

1 



(3.12) 
By Lei 

(3.13) 



and 
(3.14) 



1 — — )c c 

p- 2 V k' 



P^2 {1 -k )c ° 



< 



k JB g (ql,e k R) 



\vt\ P d» g 



£ k Jm p — L 



(1 + t)co 



< 



k JB g (q 2 k ,e k R) 



£ k JM P ~ z K 



To simplify notation we write p(v 
\P(4)~<ll\ = 



ML 



A I 



(x - q l k )p{v+)dn 



Then we have 



< 



JB g (ql,e k R) 

( x - Qk)p( v t ) d ^g 



< e kR+-r 



for some positive constant c. This inequality, together with (|3.12[) . implies that 
/3(u^") € V r for k large enough. Similarly, \j3{u~) — qf.\ — > and (3(u~) G V r for k 
large enough. Therefore Uk must satisfy /3 M (u^!~) = [3 M (u~). 

Since M is compact, after passing to a subsequence, we have that q], — > g and 
qj? — > g. The limit is the same because /3 m (m^ ) = 0M(. u k)- 
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Let x be a smooth cut-off function such that x( z ) = 1 f° r \ z \ < i" an d xi z ) — 
for \z\ >T,Te (0,i?). Set 

: = X(£fc2:)wfc(exp 9 i (e fc z)), i = 1,2. 

Then, up to a subsequence, wj. — * w ! weakly in H 1 (M. n ), w\ — > k/ a.e. in R" and 
u>|, — > lo 1 strongly in (R n ). Arguing as in the proof of Lemma T3.3I we conclude 
that it; 4 solves —Aw + w = \w\' p ~ 2 w and J 0O (w t ) < 2coo. Inequality (|3. 13|) implies 
that (i« 1 ) + 7^ 0. Hence, it; 1 > 0. Similarly, w 2 < 0. 
Next, we consider 

w k (z) := x(£fc2 : )'i'fc(exp (Z (e fe z)). 

Again, up to a subsequence, — ^ u> weakly in _ff 1 (R"), Wfc — > u> a.e. in R" and 
Wk — > w strongly in L p oc (M. n ). For every ip £ C£°(R™) and k large enough we have 
that 



w k (z)ip{z)dz = I wl(ip k (z))ip(z)dz 



where il>f.(z) := e fc 1 ex P i ( ex Pg( £ kz))- Passing to the limit as k — > oo we obtain 



9 

that 



w(z)cp(z)dz = / u; 1 (2)^(2)^2: for every ip e C^°(R n ). 



Hence, w = w 1 > 0. Similarly, we conclude that w — w 2 < 0. This is a contradiction. 

□ 



Fix (Jo > and £o > as in Proposition 133] and such that the map l e : F £ (M) —> 
jd s +<5 n £ £ given by (|2.5p is well denned for e G (0, e ), where 

F e (M) := e M x M : <tist g (x,y) > 2eR} C F(M). 

Define e : Z e n J £ d =+ 5 ° -> F(M) by 

e (u) := (/3 M ( W +),/3 M (u-)). 

The group Z/2 := {1,-1} acts on F(M) by -1 • := Its Z/2-orbit 

space is the configuration space C(M). Similarly, we denote by C £ {M) the Z/2- 
orbit space of F e (M). On the other hand, Z/2 acts on £ £ and Z £ by multiplication. 
These actions are free, and the maps i £ and 9 £ are Z/2-equivariant, i.e. 

t-e(x,y) = -h(y,x) and E (-u) = -1 • £ (u). 

Hence, they induce maps between the Z/2-orbit spaces. We write (Z £ C\ J^ E+ ) / (Z/2) 
for the Z/2-orbit space of Z £ n J^ +s ° and put a hat over a function to denote the 
induced map between Z/2-orbit spaces, e.g. we write 

? e : (Z e n J^ +5 °)/ (Z/2) -> C(M) 

for the map induced by 6 £ . Let % be Alexander-Spanier or Cech cohomology with 
Z/2-coefficients. Recall that it coincides with singular cohomology H* on manifolds 
or, more generally, on ENRs. The following statement holds true. 
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Proposition 3.5. There exists a homomorphism 

t £ : %{{Z e n Jt' +5o )l (Z/2)) -> H*(C e (M)) 

such that the composition 

t £ o?* : n*{C(M)) -> n*{C E (M)) 

is the homomorphism induced by the inclusion C £ {M) <-> C(M), which is an iso- 
morphism for e small enough. 

Proof. The proof is analogous to that of Proposition 5.2 in p]. The idea is to 
express a certain subset of Z e n J^ e+So as a fixed point set and to use Dold's fixed 
point transfer [TO] to define r e . We outline the proof for the reader's convenience. 
Define 7 : H*(M) -> K by 

1—1 if it = 0. 

This function is continuous and satisfies 

7(u + ) = = 7(u _ ) if and only if u 6 £ e . 

For u € Hg(M) we denote by e(u) £ [0,oo] the entrance time of it into the set T> E . 
That is, 

e(it) := inf{t G (0,oo] : <p E (t,u) € V E }, 

where tp E is the negative gradient flow of J E . Since T> E is strictly positively invariant, 
the map e : Hg(M) — > [0, 00] is continuous. Moreover, e(u) = 00 if and only if 
u Z E . Consider the retraction 

g : Hg(M) \Z E ^ V E1 g{u) = ^{e(u), u), 

and define V : H^(M) M 2 by 

if u e Z £ , 

Tf J ( - w ^g(u)+), 1 (g(u)-)) if ueHl(M)^Z £ . 



ip{u) 



ip is continuous and, since D E n £ E = 0, it satisfies 

(3.15) = if and only if u G Z E . 

We fix k > 1 such that 
(3.16) 

J E (k(\l e (x,v) + + fii e (x,y) )) < if (x.y) G F E (M) and max{A,/i} > 1, 
For (2, y) € F E (M) we define 

5^ : [0, 1] x [0, 1] -> tt 2 , ffa!iV (A, /i) = ^ (/<At £ (x, y)+ + (j,i e (x, y)~)) . 
It follows from (|3.15j) that 

(3.17) K (Xi E (x,y)++^ E (x iy )-)eZ E nJ^ +So ifg x<y (\,n)=0 

and, using (13. 16[) . we also conclude that k(Xl e (x, y) + + fiL s (x,y)~) G T> E if (A,/i) G 
9 ([0, l] 2 ) . Therefore, 

ffXlW (A, /i) = (M) p " 2 - 1, ( K /i) p - 2 - 1) if (A, fi) <E d ([0, l] 2 ) . 
Next we define 

/ : F E (M) x [0, l] 2 -> F B (M) x R 2 , /(i, y, A, /i) = (x, y, (A, fi) - g x , y {\, 
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This map is equivariant with respect to the Z/2-action given by 

-1 • (x,y,X,n) := (y,x,n,X). 

The projection tt : F £ (M) xM 2 -> F £ (M) is also equivariant and, since the action is 
free, the induced map between the Z/2-orbit spaces is a vector bundle. We denote 
by Fix(/) the set of fixed points of /. Following the proof of Lemma 5.4 in [I] one 
shows that they have the following properties: 

(i) 7T O / = TT, 

(ii) Fix(/)c(F £ (Af)x(0,l) 2 )/(Z/2), 

(iii) The fixed point transfer tj : iP(Fix(/)) -> H*{C £ {M)) satisfies tjo tt* = 
id. 

It follows from p,17[) that the map 

i : Fix(/) -> Z £ n Jf' +S \ i{x,y,\,(J,) = K(\i e (x,y)+ +{iL e (x,y)-) 

is well defined. It is equivariant and satisfies 6 £ ol — i°7r|iiwj\, where i : F £ (M) c — >• 
F(M) is the inclusion. We define t £ to be the composition 

r £ : H((Z S n J^ +io )/ (Z/2)) A H(Fix(/)) ^4 H{C e {M)). 
Using property (iii) we obtain 

T e O 9 e — TjTO L O 9 e — TjO TT O i* = i*, 

as claimed. □ 



Proof of Theorem 13.11 Fix Sq € (0, kq) and £o > as above and such that 
the inclusion F e {M) «-» F(M) is a homotopy equivalence for all e € (0, eo)- Arguing 
as in section 5.2 of pQ we have that J £ has at least cupl[(Z £ n J £ E+S ")/ (Z/2)] sign 
changing solutions u £ with J £ {u £ ) < d £ + Sq. Proposition 13.51 yields 

cupl [{Z £ n J £ ' +So )/ (Z/2)] > cuplC(M), 

as claimed. □ 



4. The shape of low energy nodal solutions 
We shall prove the following result. 

Theorem 4.1. There exists eo > such that for every sign changing solution u £ 
to problem with e € (0, Eo) and J £ (u £ ) < d E + ko i/ie following statements hold 
true: 

(a) u £ has a unique local maximum point Q £ and a unique local minimum point 
q £ on M . 

(b) For any fixed T > 0, 

lim ||u e (exp Qe (ez)) - U{z)\\c*(b(o,t)) = 0, 
]im\\u e (exp qe (sz)) + U(z)\\ e 2 iB(0jT ^ = 0. 



NODAL SOLUTIONS TO A SEMILINEAR ELLIPTIC PROBLEM ON A MANIFOLD 15 



(c) Moreover, 

sup u e (£) < ce" MT + <rt(e), 

£eM^B 9 (Q e ,eT) 

inf u e (f) > -ce~' lT + a 2 (e), 

teM^B g (q e ,eT) 

for some positive constants c, fx and for some functions ax, 0*2 which go to 
zero as e goes to zero. 

(d) The function $ e given by 

U £ = W £ .Q C - W £ . qc + $ £ 

is such that ||$ E || e —> as £ —> 0. 

We split the proof into several lemmas. Note that, if u e is a sign changing 
solution to problem (jl.ll) then u £ G C 2 {M). Hence, it has a maximum point Q £ and 
a minimum point q £ on M. Moreover, u e (Q £ ) > and u £ (q £ ) < 0. The following 
estimates hold true. 

Lemma 4.2. If u e is a sign changing solution to problem (jl.ip and Q £ is a maxi- 
mum point and q £ is a minimum point of u £ on M, then 

U £ (Qe) > 1 an d u e (is) < — 1- 

Proof. Expressing u £ in local normal coordinates around the point Q £ we get 

u £ (z) := u £ (expgjz)) for \z\ < R, z e M n . 
Recall that in these coordinates we have 

(4.1) ^=^IX 9HZ) ^) ^ 9ij( ° )=5ij > 
where \g{z)\ := det(gij(z)) and (<? y (z)) is the inverse matrix of (gij(z)). Hence, 

(4.2) - e 2 £ ^sfie(0) + fie(O) = (G £ (0)) p - 1 . 

i=i y<- 

Since a maximum point of u £ we get from (|4.2p that 1 < u e (0) = u £ (Q e ). This 
proves the first inequality. The proof of the second one is similar. □ 

In the following two lemmas we assume that Sk € (0, 1) is such that converges 
to and that u £k is a sign changing solution to problem (jl.ip with s := Sk which 
satisfies J £k (u £k ) < d £k + Ko, where n$ is as in Theorem 12.71 Note that 

2 P a s ii ii 2 2 P t i \ s 2 P (A , ^ 
-d £k < \\u £k \\ = - — -J £k (u £k ) < - — - (d £k +k ) 



p ~2^-"^" £k p- 2 tfcv ~ p- 2 
So, by Proposition 12 .61 there are constants ci, C2 such that, for k large enough, 



(4.3) < ci < \\u £k \\l < c 2 < oo 
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Let Qk '■= Qe k be a maximum point and q k := q Sk be a minimum point of u £k on 
M, and set 

w\(z) := u 6k (exp Qk (e k z)) x(£k \z\) for z G K", 

wl(z) := u ek (exp 9fc (e fc z)) x(£fe \z\) for z G R", 

tDj(«) := u e , (exp Qfc (e fc z)) for z G B ^0, C K n , 

Wfe(z) := u £fc (exp 9fc (£ fc 2:)) for z G B K), C M", 

where x : -> [0, 1] is a C°° cut-off function such that x(*) = 1 if < t < i?/2 
and x(i) = if R < t. Note that w\(z) = w\(z) and w\\(z) = w%(z) for \z\ < 

Lemma 4.3. There exist w 1 ^ 2 G H 1 (M n ) such that, after passing to a subse- 
quence, w l k w l weakly in H 1 (W l ), and w k —¥ w 1 strongly in L^ oc (R™) and in 
C ; 2 oc (R") for i — f,2. The functions w 1 and w 2 are nontrivial solutions of the 
equation 

(4.4) - Aw + w = \w\ p ~ 2 w 

such that is a maximum point of w 1 and a minimum point ofw 2 . 

Proof. Arguing as in the proof of Lemma 5.6 in [2] one shows that ||ifljj.||ffi(R») < 
c||w e J| efc for some positive constant c independent of k. It follows from (|4.3j) that 
(wl.) is bounded in H 1 (W l ). Hence, there exists w l G H 1 (R n ) such that a subse- 
quence of (wj.) converges to w l weakly in and strongly in L^ oc (R"). The 
fact that w l solves (|4.4p can be proved as in Lemma 5.7 of [2]. On the other hand, 
for \z\ < R/ek the function w\ satisfies the following equation 



w h = w,, w h 



Arguing as above, we have that the sequence (w k ) is bounded in H 1 (B(0,R/ek))- 

By the Sobolev embedding theorem and interior Schauder estimates in B ^0, -^j 

we get that is bounded in C 2 ' a (B(0, R/e k )) for some a G (0, 1). Then, up to 
subsequence we have 

wl^w* inCL(»")- 

Clearly, w* = w l G H\R n ) n C 2 (W l ). Since wl(0) = u £k (Q k ) > 1 for any k, we 
have that w 1 ^ 0. Similarly for w 2 . □ 

Lemma 4.4. The functions w 1 and w 2 do not change sign. Moreover, 

1 2 TT 

w = —w = U. 

Proof. By Theorem 12.71 in order to prove that w l does not change sign it suffices 
to show that 

(4.5) Joo(w l ) < 2 Coo + K . 
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Since \g(0)\ — 1 we have that, for any 6 > 0, there exists p > such that 
^ 2 < 1 + <5 for |y| < p. Using this fact we obtain 



/ Iw 1 (z) \ P dz < liminf / |w^,(z)| P dz 



liminf — 

k^oo £™ J\y\<Re k 



Mfc(exp Qfc (7/))x 
< (1 + 6) liminf 1 f \u £k (x)\ p dp 



\g(y)\ 



1/2 



<(l + £)liminfi / \u ek (x)\ p dn g 



Multiplying by ^0- and using Proposition 12.61 we conclude that 
Jooiw 1 ) < (l + 5)]immfJ ek (u ek ) < (1 + 8) liminf (4 fc + k ) = (1 + 5) (2 

k—>oo k— >oo 

Since S > is arbitrary, this yields inequality (|4.5|) . We conclude that it; 1 is a 
nontrivial solution to (|4.4[) which does not change sign. Since is a maximum 
point of w 1 it follows that w 1 = U. The statements for w 2 are proved similarly. □ 



Lemmas 14.31 and 14.41 together imply that 
(4.6) wl^U and w 2 k -> -U in Cf oc (E n ). 

Lemma 4.5. // u 6 is a sign changing solution to problem which satisfies 

Js{ue) < d e + Ko then, for e small enough, u £ has a unique local maximum point 
Q £ and a unique local minimum point q £ on M. 

Proof. Arguing by contradiction we assume there is a sequence (e k ) which goes to 
zero and, for each k, a sign changing solution u Ek of problem which satisfies 
J Ek (u ek ) < d £k + k and has three local extrema q\, q\ and q\. As before, we set 

w\{z) := u Ek (exp i (skz)) for z e B ( 0, — ) , i = 1,2,3. 



Fix Ki 6 (kq, Cqo) and choose T > such that 



(4.7) ( \U(z)\ p dz> 2Coo + Kl . 



2p 



B(0,T) 



It follows from (|4.6j) that, for k large enough, has a unique local extremum 
point at in B(Q,2T). Hence, u £k has a unique local extremum point at q\ in 
B g (qi,2e k T), for each i = 1,2,3. In particular, B g (ql,£ k T) n B g {q> k ,e k T) = if 
i 7^ j. On the other hand, since |g(0)| = 1, for any 6 > and k large enough we 
have 

(4.8) Co := ^ c °° K ° <- |y( £fc2 :)|5 for |z| < T and fc large enough. 
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Therefore, for all sufficiently large k we obtain 

3 



£ k JM e k i=1 JB a (q\,e h T) 

3 . 

„■_ -, Jb(o.t) 



3 



(4.9) ><*£/ i^wr^ 

-=i Jb(o,t) 



Multiplying by we conclude that 



2 /" 

4* + KO > -/ e * K J > C E — — / 

i=l " ^ £ 



|u&(*)l p d*. 

3(0,T) 



Passing to the limit as k — > oo, Proposition 12.61 and Lemmas 14.31 and 14.41 yield 

2coo + k = lim d Ei . + k > c — - — lim / \w l k (z)\ p dz 
k-ycc 2p k ^°° J B(0,T) 

p — 2 f 

= 3c o-^ — / |C/(2;)| p dz > co(2coo + «i) = 2^ + k . 
Z P Jb(o,t) 

This is a contradiction. □ 

Lemma 4.6. Fix T > 0. is a sign changing solution to problem (11. lj) which 

satisfies J e {u s ) < d e + kq then, for e small enough, there are constants c,\x and 
functions o\,o~2 such that 

sup u e (f) < ce - ^ + cri(e), 

geM-vSg(Q e ,eT) 

inf u e (f) > -ce~^ T + o- 2 (e), 
and lim e ^.o ^(e) = / or i = 1, 2. 

Proof. Since for e small enough u £ has a unique local maximum, the supremum of 
u £ on M \ B g (Q e ,eT) is attained at a point of the boundary dB g (Q £ , eT). We 
consider the function 

u>l(z) = u e (exp Qe (ez)) for \z\ < T. 
Then, using the decay (|2.2p of U, for some constants c, /i > we have 

sup Ue(£) < sup < sup C/(z)+ sup liu* (2) — U(z) I 

£eM^B g (Q E ,eT) \z\=T \z\=T \z\=T 

< ce~^ T + sup \w\{z) - U{z)\ . 

\z\=T 

Bv(|4.6|l we have that 

(Ti(e) := sup — y(^) —> as £ — > 0. 

z|<T 

This proves the first inequality. Analogously for the other one. □ 
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lim J £ (u e ) = 2coo, 



Lemma 4.7. If u e is a sign changing solution to problem which satisfies 

Je{ue) < d E + no then 

(4.10) 

and the function $ e given by 

U E = W e . Qc - W E . Qc + $ £ 

satisfies that ||$ e || e —> as e — >• 0. 

Proof. For fixed T > we set := £ g (Q e , sT) , Sf T := B g (q e ,sT) and ^ eT := 
M \ (-B* T U B 2 T ). Recall that for e small enough we have 2Te < d g (Q e ,q e ). For 
D C M set 



1 



v 



{e 2 \V g v\ 2 +v 2 )da, \vl 



D 



,e,D 



\v\ p dfi q . 



D 



Then, for i = 1,2 we have 

2 -1/ (s 2 \V g u £ \ 2 + u 2 e W g 



u 



z|<T 



|g(£z)|2rfz 



z|<T 



(\WU(z)\ 2 + U(z) 2 )dz=:c T as £->0. 



Klle-lkllU 



— > 2ct as e — s- 0. 



It follows that 
(4.11) 
Similarly, 
(4.12) 
where 

c p ,t ■= 
We write <I> e as 

(4.13) <f £ = K - W e , .) | b i t + (« e - W e , & ) \ b1t 

+ U £ \ AeT -W e< Q e \B g (Q e ,eR)^Bi +W ^<Qe ls 3 (g e ,efl)^S e 2 

Using (|4.6[) we obtain 



. - i"-- „ i r ~> 2c p,t as e -> 0, 

U{z) v dz. 

z|<T 



(4.14) Htfe-We.o.11 



z|<T 



Xy m (ez) A («£(*) - tf(z)x(«0) {wl(z) - U{z) X {ez)) 

jm 



+ (w\{z) - U(z)x(ez)) 2 \g(sz)\zdz -t as s ->• 0. 
Similarly, as e — > 0, 
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Moreover, there is a constant C such that, for all e £ (0, 1), 
(4.15) 



\We,Q s \\ e ,B g (Q e ,eR)^Bi 



\g(sz)\ 

T<\z\<^ 



£y m ( £ z) A (U(z) X (ez)) -A- (U{z) X {ez)) + (U(z) x (ez)) 

OZj oz m 
jm J 



<C / (|Vt/(z)| 2 + U 2 (z))dz, 

J\z\>T 

Similarly, 

(4.16) ||W e) g e || £iB9( g e>ei j )xB |, \W e ,Q e \l t£tBg ( Qe<eR) ^ B i , \W B ,q e \p iSiBg ( Qs>e . R ^ B a , 

are bounded above by a function of T which goes to zero as T — > oo- 

To prove (|4.10l) we argue by contradiction. Assume there is a sequence — > 
such that J ek (u £k ) -> 2coo + ki with ki e (0, /c ]. Then (|4.11l) and (|4.12j) imply 
that, as k — > oo, 
(4.17) 

2p 2p 
\K k \\e k ,A ehT -> ^— 2(2c tc +ki)-2c t , KJp, £fcH 4 efcT -> ^ 7 2(2c 00 + Kl )-2c p , T . 

Let <5 e (0, 1). Since ct — > ^z^Coo, c Pi t — > ^2 c oo, and the right hand sides of (|4.15[) 
and of the similar inequalities for (14. 16)) tend to zero as T — > oo , we may first choose 
T > and then choose fc = k {T) <E N such that from 1(1715]) . (|4~14"1) . (|4~T5l) and 
(ETT71) we obtain 

||* B *£<(l + «)^2«i and |$ £ J^>(l-£)-^ Kl V fc>fc . 



Since we are assuming that ki > we have that $ £fc ^ 0. Then, as in (12. 4j) . 

k»(* e »)* e » G A4 fc and 

Choosing S small enough so that the right hand side of this inequality is smaller 
than Coo we obtain a contradiction to Lemma 12.11 This proves (|4.10[) . 
Identity (|4.10l) together with (14.111) implies that 

KIlLw -> 2 (~^ c °° ~ CT ) as e^0. 

Hence, for any 77 > we may choose T > large enough and £0 = e o{T) > so 
that from (|LT3|) . (jL14|) . (|4T5l) and (j4~T7f we obtain that 

||$ e || 2 <7y for every £ g (0,£ ). 

This finishes de proof. □ 



Proof of Theorem 14.11 Parts (a), (b), (c) and (d) are given by LemmaQTSJ 
statement (|4.6j) and Lemmas 14.61 and 14.71 respectively. □ 
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5. The cup-length of configuration spaces 

Let tt : TM —> M be the tangent bundle of M, whose fiber over x is the tangent 
space T X M to M at x, and let tt : SM — > M be its unit-sphere bundle. The group 
Z/2 acts on SM by multiplication on each fiber, i.e. —1 • (x, z) = {x, —z) for every 
x G M and z £ T X M with \z\ = 1. We denote its Z/2-orbit space by PM. Then, tt 
induces a map tt : PM — > M which is a fiber bundle with fiber the real projective 
space MP" -1 . The homomorphism : H*(RP n ~ l ) -> %*(PM) which sends the 
generator w G H 1 (KP™" 1 ) to the first Stiefel- Whitney class Q £ ft x (PM) of the 
bundle SM —> PM is a cohomology extension of the fiber, so the Leray-Hirsch 
theorem |23j provides an isomorphism 

(5.1) n*(M)®'H*{RP n - 1 ) H*(PM) 

given by £ <g) w H> 7r*(C) ^ £*5. 

If V is a tubular neighborhood of M in we define a map a : SM — > P(V) 

by 

a(x,z) := (exp x (-z),exp x (--z)). 

The action of Z/2 on P(V) is given by —1 • (x,y) = (y,x). Therefore, a is Z/2- 
equivariant, i.e. a(x, — z) = — 1 -a(x, 0), and it induces a map between the Z/2-orbit 
spaces, which we denote by 

a : PM->C(V). 

The cup-length of a map / : X — > Y is the smallest integer k > 1 such that 
/*(Ci ^ ••• ^ Cfe) — for any fc cohomology classes Cii--->Cfe G It is 

denoted cupl(/). If / is an inclusion X «-» F we write cuplyX := cupl(/). It is 
easy to see that cupl(g o /) < min{cupl(/),cupl(g i )}, cf. [5]. Since the image of a is 
contained in C(M), we conclude that 

(5.2) cupl(S) < cupl C(y) C(M) < cuplC(M). 

To prove Theorem II .21 we need the following lemma. Its proof uses the Leray-Serre 
spectral sequence, which is treated for example in [TT] . 

Lemma 5.1. Let V be a tubular neighborhood of M in M. N . Assume that H l (M) = 
for all < i < m. Then, given a cohomology class £ G H rn (M), there exists 
C G H m (C(V)) such that 

a*(C) = r(c). 

Proof. Consider the diagram 



PM 


-A c(y) 






SM 


P(F) 


TT I 


I 7T1 


M 





where 7Ti is the projection onto the first factor, and and ip are the obvious 
projections. Thus, tt o = 7r. This diagram commutes up to homotopy. Since 
M is a strong deformation retract of V, the inclusion i induces an isomorphism 
in cohomology. Hence, there exists ( £ H m (F(V)) such that a*(() — tt*(() £ 
n m {EM). Next, we will show that ( = ^*(?) for sonic ( £ U m {C{V)). 
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From the Thom-Gysin sequence of the sphere bundle n : SM — > M we obtain 
that 7r* : T-i l {M) — > H' l (E>M) is an isomorphism for all i < m + n — 1 and a 
monomorphism for i = m + n — 1. On the other hand, setting D £ V := {(x, y) € 
V xV : \x — y\ < e}, and using excision, homotopy invariance and the Thorn 
isomorphism we obtain, for s small enough, 

n\v x v, f(v)) = n\D e v,D £ v \ d f) s ^-^(v) = w~ n (m). 

From the exact cohomology sequence of the pair (V x V, F(V)) we deduce that 

(5.3) H l (F{V))^n l (V xV)^H l (M x M) for alH < m + N - 1. 

We consider the Leray-Serre spectral sequences of the Borel fibrations (for the 
group G = Z/2) 

x S 00 ^ MP 00 , SM x S°° RP°°. 

Z/2 Z/2 

Since Z/2 acts freely on F(V) and on SM, the projections F(V) x §°° -> F(V) 
and SM x §°° — » SM induce homotopy equivalences between the Z/2-orbit spaces 

F(V) x §°° ~ C(V), SM x S°° ~ PM. 

Z/2 Z/2 

The map a : SM — > F(V) induces a map of spectral sequences 

a* : -> E™. 

Their i?2-terms are 

E™ = H p (M.P 00 ;H q (F(V))), E™ =H p {RP oc ;H q {§M)). 

Our assumptions on H*(M) together with (|53]) imply that W(F(V)) = if < 
q < m. Therefore, 

H m (F(V))^E° 2 > m = ... = E° r % v 

% m+1 (RP°°) = = • • • = E™X\'°. 

Since 7r*(C) is a permanent cycle and a*(C) = ""*(C)> we have that 

a*d m+ i(C) = d m +i(7r*(0) = 0. 

But a* is the identity on H m+1 (RP°°) = E™ +1 '° = E™ +1 '°. Ffcncc d m+ i(C) = 
and, therefore, ( is a permanent cycle too. Thus, there exists ( e V. m (C(V)) such 
that V*(C) = ?• 

Our assumptions on H*(M), together with (|5T]l . imply that H m (FM ) = H m (M)Q 
ym^pn-iy Since = </,V(C)jre conclude that a*(C) is either tt*(C) or 

n* (()+uj m . In the first case we set C : = C an d in the second case we set £ := £ — w™, 
where 5 € ^(C^M)) is the first Stiefel- Whitney class of the bundle F(V) -> C(V). 
Since S*(w) = cD, we conclude that S (C) — tt*(C)j as claimed. □ 

Proof of Theorem 11.21 By (|5.2j) it suffices to show that cupl(S) > k + n. 
Let Ci, ■ - ■ , Cfe G 'H m (M) be such that Ci ^ • • ■ ^ Cfc ^ 0. Then (JO} yields 
7r*(d - ■ • ■ ^ Cfe) ~ 7^ 0. By Lemma O there exist ? x , . . • , ? fc G % m (C(F)) 

such that S*(Cj) = Therefore, 

3*(Ci - • • • - C* - C" -1 ) =^*(Ci C fc )- £ n_1 ^ o. 

It follows that cupl(a) > k + n. □ 
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